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Let F(n) denote the number of group testing procedures for determining which 
of n objects are good and which are bad where (1) each test involves a subset X of 
objects and reveals whether all objects in X are good or whether at least one 
object in X is bad, (2) the subset to be tested at each stage is selected from the 
last subset isolated that is known to contain at least one bad object, if there is such 
a subset and it contains at least two objects, and (3) if there is no such subset, 
the next subset for testing is selected from the objects not yet classified. An explicit 
formula for F(n) is derived in terms of the Catalan numbers and it is shown that 
[F(n)}2-n + 1 S267 ... as 11 - 30. 
1. INTRODUCTION 
Suppose we are given a set of n objects, each of which is either good or bad 
with respect to some property. One procedure for classifying the objects 
with respect to this property is simply to test each object separately. In 
some situations, however, it may be more efficient to conduct a series of 
group tests; at each stage we subject a subset X of objects to a test that 
reveals either that (i) all objects in X are good, or that (ii) at least one object 
in X is bad (without revealing the number or the identity of the bad objects 
when X has more than one object). Whenever these tests enable us to classify 
any objects, these objects are set aside and the testing procedure continues 
on the remaining unclassified objects until all the objects are classified. 
We consider nested group testing procedures that satisfy the following 
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FIGURE I 
conditions: At each stage the next subset to be tested is a proper subset of the 
last subset we have isolated that we know contains at least one bad object, 
if such a subset exists and has at least two objects; if there is no such subset 
then the next subset to be tested is a subset of the remaining unclassified 
objects. (These conditions will be made more explicit in the next section.) 
In general, we have some choice on the size of the subset to be tested at 
each stage and various papers (see [2, 31) have dealt with the problem of 
determining which sizes will minimize the expected number of tests needed 
to classify all the objects under certain assumptions about the distribution 
of the good and bad objects. 
Our purpose here is to determine the total number F(n) of nested group 
testing procedures for classifying a set of n objects that satisfy the above 
conditions. We do not take the labels of the objects into account and two 
such procedures are regarded as equivalent if they involve tests of subsets 
of the same size at each stage. It will follow from our results that {F(n)S2-” + 
1.5267 ... asn-+ co. 
The testing procedures we enumerate can be represented by tree-like 
structures. There are, for example, two such testing procedures for classifying 
two objects corresponding to an initial test on just one object or on both 
objects simultaneously. These two testing procedures are illustrated in Fig. 1. 
A node labeled (k, m) corresponds to a stage where m objects remain to be 
classified and that among these we have isolated a subset of k objects that 
contains at least one bad object. The number beneath a nonterminal node 
indicates the size of the next subset tested and the two arrows leaving these 
nodes proceed to the alternatives arising when this subset tested contains only 
good objects and when it contains at least one bad object. The procedure 
terminates when there are no unclassified objects remaining. 
2. RECURRENCE RELATIONS 
If 0 < k < m ,( n, let f(k, m) denote the total number of nested group 
testing procedures for classifying a total of m objects given that a particular 
subset of k of these objects contains at least one bad object; we adopt the 
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convention that f(0, 0) = 1. Notice that f(0, n) equals F(n) as defined earlier. 
Tf k = 0 and m >, 1, we proceed by testing a subset of i objects where 
1 < i < m. If the test reveals that all i objects are good then there are 
f(0, m - i) ways to classify the remaining m - i objects; if the test reveals 
that at least one of the i objects is bad then, by definition, there are f(i, m) 
ways to continue. It follows, therefore, that 
for m > 1. 
f(0, m) = f f(0, m - i)f(i, m) (2.1) 
i-1 
If k = 1, then we have effectively classified one of the bad objects already 
and there are m - 1 objects left to be classified, so 
f(l, m) = f(0, m - 1) (2.2) 
If 2 < k < m, we proceed by testing a proper subset of the set of k objects 
that we know includes at least one bad object; if there are i objects in this 
subset, then 1 < i < k - 1. If all i objects are good, then there aref(k - i, 
m - i) ways to continue; if at least one of the i objects is bad, then there are 
f(i, m) ways to continue since we now know that this particular subset of i 
objects contains at least one bad object and we know nothing whatsoever 
about the m - i objects not in this subset. It follows, therefore, that 
f(k, ~JJ) = c f(k - i, /JI - i)f(i, m) 
i=l 
(2.3) 
3. MAIN RESULTS 
Let us recall (see [I, p. 731) that the Catalan numbers 
satisfy the recurrence relation 
CI, = c,c,_, + C,Ck:_, -L ... + c,_,c, 
for k = 2, 3,.... We now derive formulas forf(k, n) andf(0, n). 
THEOREM I. If 1 < k < II, then 
f(k, n) = C,.f(O, n - l)f(O, II - 2) . ..f(O. n -- k). 
(3.1) 
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ProoJ: The result holds when k = 1 by relation (2.2) since C, = 1. 
Suppose it holds whenever 1 < k < f - 1, where 2 < t < n. Then, 
t-1 
f(t, n) = C f(i, n)f(t - i, n - i) 
i=l 
= (z CiCt-i).f Co3 n - l)f(O, n - 2) . ..f(O. n - I) 
= C&O, n - l)f(O, II - 2) . ..f(O. n - t) 
by (2.3), (3.1), and the induction hypothesis. The required result now follows 
by induction. 
THEOREM 2. Ifn 2 2, then 
f(O, n) = cn+1m n - l)f(O, n - 2) ... f(0, 1). 
Proof. It is not difficult to verify that the result holds when IZ = 2. 
Suppose it holds whenever 2 < n <,j - 1 where j > 3. Then 
f(O, i) = ~lfwmi - i) 
= (i c&+0, .i - 1) .m .i - 2) '.' .m. 1) 
i-1 
= Cj+lf("*.i - l)f(O,.i - 2) "'.f(o, I), 
by Eq. (2.1), Theorem 1, the induction hypothesis, and Eq. (3.1). The required 
result now follows by induction. 
The following recurrence relations and formulas for F(n) = f(0, n) follow 
readily from Theorem 2 and the definition of the Catalan numbers. 
COROLLARY 1. If n > 1,then 
C 
F(rt) = F F2(n - I) = 
2(2r? - 1) 
- F-2(77 - 1). 
n n+I 
COROLLARY 2. If n > 2, then 
F(n) = C,,,C,C~_,C~_, .‘. Cf-‘. 
COROLLARY 3. Ifn 3 1, then 
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The first few values of F(n) are 
n 1 2 3 4 5 6 
F(n) 1 2 10 280 235, 200 173, 859, 840, 000 
The limiting behavior of F(n) can be derived from the formula in Corollary 3. 
COROLLARY 4. 
1.526753 .... 
More generally, it can be shown that 
(3.2) 
as n + cx), where o( = I .526753 ...; in particular, F(n) > $azn for n >, I. 
We shall omit the proof of this. 
We remark in closing that if G(n) denotes the number of nested group 
testing procedures for classifying n different objects where the labels of the 
objects are taken into account, then it can be shown by a slight modification 
of the preceding argument that 
G(n) =- n ! Cnfl G(n - 1) G(n - 2) ... G(1). 
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